Cuarrer O
Hypothesis Testing

SAMPLING AND TESTS OF SIGNIFICANCE

6.1. POPULATION OR UNIVERSE

An aggregate of objects (animate or inanimate) under study is called population or
universe. It is thus a collection of individuals or of their attributes (qualities) or of results of
operations which can be numerically specified.

A universe containing a finite number of individuals or members is called a finite in-
verse. For example, the universe of the weights of students in a particular class or the uni-
verse of smokes in Rohtak district.

A universe with infinite number of members is known as an infinite universe. For
example, the universe of pressures at various points in the atmosphere.

In some cases, we may be even ignorant whether or not a particular universe is infinite,
e.g., the universe of stars.

The universe of concrete objects is an existent universe. The collection of all possible
ways in which a specified event can happen is called a hypothetical universe. The universe
of heads and tails obtained by tossing a coin an infinite number of times (provided that it does
not wear out) is a hypothetical one.

6.2. SAMPLING

The statistician is often confronted with the problem of discussing universe of which he
cannot examine every member i.e., of which complete enumeration is impracticable. For ex-
ample, if we want to have an idea of the average per capita income of the people of India,
enumeration of every earning individual in the country is a very difficult task. Naturally, the
question arises: What can be said about a universe of which we can examine only a limited
number of members? This question is the origin of the Theory of Sampling.

A finite sub-set of a universe is called a sample. A sample is thus a small portion of the
universe. The number of individuals in a sample is called the sample size. The process of
selecting a sample from a universe is called sampling.

The theory of sampling is a study of relationship existing between a population and
samples drawn from the population. The fundamental object of sampling is to get as much
information as possible of the whole universe by examining only a part of it. An attempt is
thus made through sampling to give the maximum information about the parent universe
with the minimum effort.
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Critical values or significant values . _
The values of the test statistic which sepafa:;‘s the critical region and acceptance re.
ion is called the critical values or significant V: .ue.. .
o This value is dependent on (i) the level of significance used and (i7) the alternatjy,
hypothesis, whether it is one tailed or two tailed.

2 t-El(t) .
For larger samples corresponding to the statistic ¢, the variable z = S.E.(p) 'S Dormally

distributed with mean 0 and variance 1. The value of z given above under the null hypothesis
is known as test statistic. c :

The critical value of z_ of the test statistic at level of significance o for a two tailed test
is given by

pllz|>z)=u _ (1)
i.e., z,, is the value of z so that the total area of the critical region on both tails is a. Since the
normal curve is a symmetrical, from equation (1), we get
plz>z)+plz<-2z )= le, 2p(z>z ) =0 plz>z)=a/2

i.e., the area of each tail is o/2.

Rignt tailed 1est
Acceptance
regon Rejection
regron
()

3

Leh tailed test

Tm=2, z=0

The critical value z, is that value such that the area to the right of z_ is o/2 and the area
to the left of - z_is /2.

In the case of one tailed test
Pz >2z,) = aifit is right tailed; p(z < -~z ) = a if it is lefR tailed.

The critilcal value of z for a single—tailed test (right or left) at level of significance a is
same as the critical value of z for two-tailed test at level of significance 2.

Using the equation, also using the normal tables, the critical value of z at different level

of significance (a) for both single tailed and two tailed test are calculated and listed below-
The equations are

pllz| >zn)=a;p{z:zu)=u;p(z<—zn)=a
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r’r Level of significance
vE——

1% (0.01) 5% (0.05) 10% (0.1)
" Two tailed test |2, | =258 | z, | =1.966 | 2, | =0.645
"""_'_ﬁ'i;;ttailed z,=233 z, = 1645 2, =128
— Left tailed 1 z,=-233 z,=- 1645 z,=-128

Note. The following steps may be adopted in testing of statistical hypothesis:
Step 1: Null hypothesis. Set up H, is clear terms.

Step 2: Alternative hypothesis. Set up H,, so that we could decide whether we should used
one-tailed test or two tailed test.

Step 3: Level of significance. Select the appropriate level of significance in advance depend-
ing on the reliability of the estimates.

Step 4: Test statistic. Compute the test statistic z = % under the null hypothesis.

Step 5: Conclusion. Compare the computed value of z with the critical value z_ at level of
significance (c).

If | z | > z,, we reject H; and conclude that there is significant difference. If | z | <z, we accept
H, and conclude that there is no significant difference.

TEST OF SIGNIFICANCE FOR LARGE SAMPLES

If the sample size n > 30, the sample is taken as large sample. For such sample we
apply normal test, as Binomial, Poisson, chisquare etc. are closely approximated by normal
distributions assuming the population as normal.

Under large sample test, the following are the important tests to test the significance.
1. Testing of significance for single proportion.

2. Testing of significance for difference of proportions.

3. Testing of significance for single mean.

4. Testing of significance for difference of means.

6.9. TESTING OF SIGNIFICANCE FOR SINGLE PROPORTION

This test is used to find the significant difference between pr.portion of the sample and
the population,

Let X be the number of successes in n independent trials with constant probability P of
success for each trial.

E(X) = nP; V(X) = nPQ; Q = 1 - P = Probability of failure.
Let p = X/n called the observed proportion of success.

1 P
Elp):EOUn)=;E(K)=fn—=P;E(p)=P
PQ
V(.v}=wxm1=-‘iu(x)=":f' = PG
n
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=23 0.0
Sol. p1=5—ﬂa=0,032;n1=500 pa‘l_?—.ﬂs 03; ny = 109

Null hypothesis Hy: The machine has not improved due to overhauling. p, = p,.

n,+ pang _ 19
H,: p, > p, (right tailed) P= Pt PaR2 - o= 20,082

ny +ny 600 —
Under H,, the test statistic
. Py - P2 _ 0.032 - 0.03 = 0.104.

. 1 i 53 1]
’pq[nz " ;2] 1’(rmaz)(o.sma)[ 4 s

Conclusion. The calculated value of | 2 | < 1.645, the significant value of z at 5% leve]
of significance. H, is accepted. ie., the machine has not improved due to overhauling.
Example 3. In two large populations there are 30% and 25% respectively of fair haired
people. Is this difference likely to be hidden in samples of 1200 and 900 respectively from the
two populations. (M.D.U. Dec. 2010)
Sol. p, = proportion of fair haired people in the first population = 30% = 0.3;
Py =25% = 0.26;Q, =0.7, Q= 0.756
H,: Sample proportions are equal i.e., the difference in population proportions is likely
to be hidden in sampling.

H;:p, #p,
N . 08—0.ne = 2.5376.
P,Q quz 0.3x0.7 0_.25x 0.75
J( bk 1200 900
1 2

Conclusion. Since | z | > 1.96, the significant value of z at 5% level of significance, H
is rejected. However | z | < 2.58, the significant value of z at 1% level of significance. Hn is
accepted. At 5% level these samples will reveal the difference in the population proportions.

Example 4. 500 articles from a factory are examined and found to be 2% defective. 800
similar articles from a second factory are found to have only 1.5% defective. Can it reasonably
be concluded that the product of the first factory are inferior to those of second?

Sol. n, =500,n, = 800

p, = proportion of defective from first factory = 2% = 0.02
Py = proportion of defective from second factory = 1.5% = 0.015
H,: There is no significant difference between the two products i.e., the products do not
differ in quality.
H,: p, < p, (one tailed test)
P - P2

_ mypy +nypy _ 0.02500) + (0.015X800) _ . 0=1_P =0.9830
po AL 500 =0.01692,Q=1-P=0.

Under H,, z=

J ™7 =
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- 0.02 - 0.015
= = 0.68
Jo.oum x 0.933[ 5 S )
500 ' 800

Conclusion. As | z | < 1.645, the significant value of z at 5% level of significance. H, is
accepted. i.e., the products do not differ in quality. . "

EXERCISE 6.2

1. Random sample of 400 men and 600 women were asked whether they would to have a school
near their residence. 200 men and 325 women were in favour of proposal. Test the hypothesis
that the proportion of men and women in favour of the proposal are same at 5% level of
significance.

2. Inatown A, there were 956 births of which 52.5% was males while in towns A and B combined,
this proportion in total of 1406 births was 0.496. Is there any significant difference in the propor-
tion of male births in the two towns?

3. Ina referendum submitted to the students body at a university, 850 men and 560 women voted.
500 men and 320 women voted yes. Does this indicate a significant difference of apinion between
men and women on this matter at 1% level?

4. A manufacturing firm claims that its brand A product outsells its brand B product by 8%. Ifitis
found that 42 out of a sample of 200 person prefer brand A and 18 out of another sample of
100 person prefer brand B. Test whether the 8% difference is a valid claim.

Answers

1. H;: accepted 2. Hy Rejected 8. Hy; accepted 4. H accepted.

8.11. TEST OF SIGNIFICANCE FOR SINGLE MEAN

To test whether the difference between sample mean and population mean is significant
or not.

Let X, X,, .ccoe. , X, be a random sample of size n from a large population X, X,,, ...... Xy
of size N with mean u and variance ¢ the standard error of mean of a random sample of
size n from a population with variance o? is oldn.

To test whether the given sample of size n has been drawn from a population with mean
W ie., to test whether the difference between the sample mean and population mean is signifi-
cant or not. Under the null hypothesis that there is no difference between the sample mean
and population mean.

The test statisticis z =

e , where o is the standard deviation of the population.
oln
X-p

If o is not known, we use the test statisticz = oo where s is the standard deviation

n

of the sample.

x_"\(l.

oln

<p<x +z“ul‘f;.

Nﬂi&Ift.helovnlofsigniﬁmnoeisaandz“isthecritital\ralue—zd-: lz|=

; - o
The limits of the population mean i are given by ¥ -2, ~7

e e e 1 PR Nyl f
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T

= a A a
At 5% of level of significance, 95% confidence limits are x — 1.96 ;f;' <u<x +1.96 7::

a = a
At 1% level of significance, 99% confidence limits are ¥ — 2.58 ﬁ <pu<x +258 7:

These limits are called confidence limits or fiducial limits.

ILLUSTRATIVE EXAMPLES

—

—

Example 1. A normal population has a mean of 6.8 and standard deviation of 1.5. A
sample of 400 members gave a mean of 6.75. Is the difference significant?

Sol. H,: There is no significant difference between ¥ and u.
H,: There is significant difference between ¥ and p.
Given u=6.8 a=15, ¥ =6.75 and n = 400

x-pl [675-68|
oh/n | | 1.54/900 |
Conclusion. As the calculated value of | z | <z, = 1.96 at 5% level of significance, H,
is accepted 1.¢e., there is no significant difference between x and p.
Example 2. A random sample of 900 members has a mean 3.4 cms. Can it be reasonably
regarded as a sample from a large population of mean 3.2 cms and S.D. 2.3 cms?
Sol. Heren =900, ¥ =34, 0 =32,0=23

|z ] = = | -0.67 | =067

H,: Assume that the sample is drawn from a large population with mean 3.2 and
SD. =23

H,: p = 3.25 (Apply two tailed test)
-u 34-32

= ———r = (.261.
o/n  2.3//900

Conclusion. As the calculated value of | z | = 0.261 < 1.96 the significant value of z at

5% level of significance. H,, is accepted i.e., the sample is drawn from *he population with
mean 3.2 and S.D. = 2.3.

Under H,, z=

Example 3. The mean weight obtained from a random sample of size 100 is 64 gms. The
S.D. of the weight distribution of the population is 3 gms. Test the statement that the mean

weight of the population is 67 gms at 5% level of significance. Also set up 99% confidence limits
of the mean weight of the population. :

Sol. Here n = 100, u =67, ¥ =64, 0 =3
H,: There is no significant difference between sample and population mean.

u = 67, the sample is drawn from the population with p = 67
H,: p # 67 (Two tailed test)

T-p 64-67
TR L o e e O
) olfn 33100 18

Conclusion. Since the calculated value of | 2 | > 1.96, the significant value of z at 5%

level of significance. H, is rejected ie., the sample i i
ol 3 . ple is not drawn from the population

| & ]-=10
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To find 99% confidence limits. It is given by % + 258 o/J/n =64 + 2.58 3/J100 = 64.774,
i 6
F Example 4. The average marks in Mathemalics of a sample of 100 students was 51 with
a S.D. of 6 marks. Could this have been a random sample from a population with average
marks 507 (M.DU. Dec. 2011)
Sol. Here n= 100, ¥ =51, 5 = 6, p = 50; o is unknown.
H,: The sample is drawn from a population with mean 50, u = 50
H,: p# 350
F-p 51-50 10
Under H,, z= oo e 8 - 1.6666
Conclusion. Since | z | = 1.666 < 1.96, z_ the significant value of z at 5% l:wel of
significance, H,, is accepted i.e., the sample is drawn from the population with mean 50.

EXERCISE 6.3

1. Asample of 1000 students from a university was taken and their average weight was fqund_. to be
112 pounds with a S.D. of 20 pounds. Could the mean weight of students in the population be
120 pounds?

2. Asample of 400 male students 1s found to have a mean height of 160 cms Can it be reasonably
regarded as a sample from a large population with mean height 162.5 ems and standard devia-
tion 4.5 cms. )

3. A random sample of 200 measurements from a large population gave a mean value of 50 and a
S.D. of 9. Determine 95% confidence interval for the mean of population

4. The guaranteed average life of certain type of bulbs is 1000 hours with a S D of 125 hours It1=
decided to sample the output so as to ensure that 90% of the bulbs do not fall short of the guaran-
teed average by more than 2 5%. What must be the minimum size of the sample

5. The heights of college students in a city are normally distributed with S.D. 6 ems. A sample of
1000 students has mean height 158 cms. Test the hypothesis that the mean height of college
students in the city is 160 cms

Answers
1. H, is rejectod 2. H,, accepted 3. 488 and 51 2
5. H, rejected both at 1% to 5% level of significance

4dn=1

6.12. TEST OF SIGNIFICANCE FOR DIFFERENCE OF MEANS OF TWO LARGE
SAMPLES

Let ¥, be the mean of a sample of size n, from a population with mean p,. and »-arunmfe
8% Let %, be the mean of an independent sample of size n, from another population with

Sy o
mean p, and variance o,%. The test statistic 1s given by z= a2 @2
1 2
+ 92
m N

Under the null hypothesis that the samples are drawn from the same population where

=
ol-t
n, ny

: = 1stic ] =
0, =0,=0ie, i = I, the test statistic is given by

(
|
I
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Note 1. If 0/, 0, are not known and a, # a, the test statistic in this case is z=

n’
B ng
Note 2. If 7 is not known anda, =a,
We use o° = "*"2"“3'3’&0“' late o; z = it .
oLvng ﬂ;’x.’*"@ﬁf(_l 4 --I_J
n + ﬂ-z ﬂ] L]
ILLUSTRATIVE EXAMPLES —

Example 1. The auverage income of persons was ¥ 210 with a S.D. of 10 in sample of
100 people of a city. For another sample of 1 50 persons, the average income was €220 with S.D
of ¥ J'..?: The S.D. of incomes of the people of the city was ¥ 11. Test whether there is any sl'gm,ﬁ:
oant difference between the average incomes of the localities.
Sol. Here n, = 100, ny =150, ¥y =210, ¥; =220, 8, =10, 5, = 12,
Null hypothesis. The difference is not significant. i.e. there is no difference betweep
the incomes of the localities.

H, x, = x;, H;: x#x;

i - 210 - 220

Under H,, 7= —=1_22 =-17.1428 |z | =171428
s s  [10° 122
o< T £ S
n, n, VY100 150

. Conclusion. As the calculated value of | 2 [ > 1.96 the significant value of z at 5% leve]

of significance, H,, is rejected i.e., there is significant difference between the average incomes
. of the localities.

Example 2. Intelligent tests were given to two groups of boys and girls.

L l Mean , 8D, , size
Lam. ! 75 [ 8 ‘ 60
L Boys I 78 l 10 l 100

Examine if the difference between mean scores is significant. (M.D.U. Dec. 2011)
Sol. Null hypothesis H,: There is no significant difference between mean scores i.e.,

n=x
HI: f] ‘f’
Under the null hypothesis z = ‘;""2 L SR
s .5 (88 107
ny ny 60 100

Conclusion. As the calculated value of | z | < 1.96, the significant value of z at 5%
level of significance, H, is accepted. i.e., there is no significant difference between mean scores

Example 3. For sample I, R, = 1000, 3x = 49,000, E(x - ¥ ) = 7,84,000.

For sample I, n, = 1,500, £x = 70,500, 5(x - ) = 24 ; ionifi
O sy s Wb Hx-x) ,00,000. Discuss the significance of

A TEXTBOOK OF ENGINEERING '0"1‘I'NE|.|~|-|¢a a
— G

HYPOTHESIS TESTING

Sol. Binll hypothesis H,: There is no significant difference between the sample means.
Hgx = 5,; Hl: R
To calculate sample variance
1 = TR4000
l,’= "_I X, - X, 2= —‘-OW = T84
1 - 1
st = ‘n—g X, - X3P = 1500 (2400000) = 1600

Ix, 4 3
= 9000_49;2253?_:10500 =47

n, 1000 ny 1500
Under the null hypothesis, the test statistic
el MDA i,
L J 784 1600
ny 1 g 1000 1500

Conclusion. As the calculated value of | z | = 1.47 < 1.96, the significant value of z at
5% level of significance, H; is accepted. i.e., there is no significant difference between the
sample means.

Example 4. From the data given below, compute the standard error of the difference of
the two sample means and find out if the two means significantly differ at 5% level of significance.

No. of items Mean S.D. ]
Group 1 50 1815 3.0 |
Group II 75 179 16

Sol. Null hypothesis H,: There is no significant difference between the samples.

il = ig; Hl: i| # ;g

Under Hy 5= I -% _1815-179.0 = 4.2089.
o, 5t Ji , 387
a  ny 50 15

Conclusion. As | z | > the tabulated value of z at 5% level of significance H, is rejected
i.e,, there is significant difference between the samples.

Example 5. A random sample of 200 villages from Coimbatore district gives the mean
population per village at 485 with a S.D. of 50. Another random sample of the same size from
the same district gives the mean population per village at 510 with a 8.D. of 40. Is the diffc_r-
ence between the mean values given by the two samples statistically significant? Justify
your answer.

Sol. Here n, = 200, n, = 250, ¥, = 485, %; = 510, 5, = 50, 5, = 40

Null hypothesis H;: There is no significant difference between the mean values
(l.e,)¥; =%;; H: ¥, # ¥, (Two tailed test)
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The test statistic is given by

§1 — 89 8) — 8y

- = (~ o©,=8,0,=8, for ]

z 1 1Y 2 arge

= O "empi,
2n, 2n, 2n, 2n,

2 2.58 - 2.50 0.08 _

- [@se? (2507 ‘[&‘!’E . 525
2x 1000~ 2x 1200 2000 2400
Since | z | < 1.96 we accept the null hypothesis at 5% level of significance.

Example 2. Intelligence test of two groups of boys and girls gives the following resuly,
[ Girts S.D. =10 '
J Boys SD =12

(a) Is the difference in mean scores significant?
(b) Is the difference between the standard deviations significant?

Sol. Given: n, = 121, n, =81, ¥, = 84, ¥, = 81,5, = 10,5, = 12

(a) Null hypothesis: H, = u, = j, i.e., sample means do not differ significantly.
Alternative hypothesis: H, = p, # i, (two tailed)

mean = 84

N =121
N =81

mean = 8]

The test statistic it 2= —mhote = ot SL_ _ 0.1850
. a J(w)’ , (12¥
nl ﬂg 121 81

Since | z | < 1.96 we accept the null hypothesis at 5% level of significance.

(b) We set up the null hypothesis H, = o, = g, i.e., the sample S.D.’s do not differ signifi-
cantly. Alternative hypothesis: H, = 0, # 0, (two tailed) e

The test statistic is 2 = —pdiooe = k22
Jﬂ_ A
2n;, 2n, 2n, 2ny
(~+ @, =3, 0, =0, for large samples)
10-12

Ry =-17626 . |z|=17526
2x121 2x81

since | z | = 1.756 < 1.96 we accept the null hypothesis at 5% level of significance.

EXERCISE 6.5
) 'I'he mean yield o{'twn sets of plots and their variability are as given examine.
(i) Whether the difference in the mean yield of the two sets of plots is significant.
(i) Whether the difference in the variability in yields is significant.

xs“ﬂc\s HYPOTHESIS TESTING
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Set of 40 plots l Set of 60 plots
Mean yield per plot 1258 Ib \ 1243 1b
S.D. per plot 34 ] 28

g. The yield of wheat in a random sample of 1000 farms in a certain area has a S.D. of 192 ks;'
" Another random sample of 1000 farms gives a S.D. of 224 kg. Are the S.Ds significantly different ?

Answers

1. =z = 2.321 Difference gignificant at 6% level; z = 1.31 Difference not significant at 5% level
9, z=4.851TheS.Dsare significantly different.

6.14. TEST OF SIGNIFICANCE OF SMALL SAMPLES

—

i i i all sample. For
When the size of the sample is less than 30, then the sample is called small sample
such sample it will not be possible for us to assume that the random sampling distribution t;uf
statistic is approximately normal and the values given by the sample data are sufficiently
:!nae to the population values and can be used in their place for the calculation of the
error of the estimate.

t-TEST

6.185. STUDENT'S-t-DISTRIBUTION (P.T.U. 2007; M.D.U. Dec. 2007)

This ¢-distribution is used when sample size is < 30 and the population standard devia-
tion is unknown.

= IX-X)?
¢-statistic iadeﬁmdaan——’;}f -l(n—ld.ﬂ}d.f.-degttesd&eed@wheres=‘| e

The t-table ‘ R ore
The t-table given at the end is the probability integral of t-distribution. T}\e rd:z:\;un
tion has a different values for each degrees of freedom and v_vhep thg degree:h: t'medb i
infinitely large, the t-distribution is equivalent to normal distribution and proba :
ghown in the normal distribution tables are applicable.
Application of t-distribution : ‘ .
Some of the applications of t-distribution are gven below:

1.To test if the sample mean (X) differs significantly from the hypothetical value p of the t

population mean. i
2. To test the significance between two sample Means.

3. To test the significance of observed partial and multiple correlation coefficients.

t " -
Cﬂuea'!:i::l;t?s:l‘value or significant value of ¢ at level of significance o degrees of freedom Y
for two tailed test is given by
Pl|t]|>t,@l=a
Pl|t]|st(@=1-a

—— T
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Jevel of significance o for a single tailed test can be got HY pOTHESIS TESTID
X =53, 4 =56,n =16 XX - X% < 136

The significant value of tat
those of two tailed test by referring to the values at 20 —
A .
6.16. TEST Ik t-TEST OF SIGHIFIGANG! OF THE MEAN OF A RANDOM m"l-l (X - %) 135 53-56 -3x4
§= |[———= — =i l= - =
ean of a sample drawn from a normal population deviate;m:.“ =1 15 16 3
16 |t|=4. dfo=16-1=15

To test whether the m
cantly from a stated value w
H,: There is no significant differenc

= 1.753.

Since | t | =4 > o0 = 1.753 i.e., the calculated value of t i
Hence the sample mean has not come from a

hen variance of the population is unknown.

e between the sample mean x and the Populatio,
s more than the table value.

Conclusion. &5
population having 56

mean j Le., We use the statistic
X-u =, The hypothesis is rejected.
t= i where X is mean of the sample. as MEaN.
95% confidence limits of the population mean

1 & -
- ith £ freedom (n - e
Y. (X, X1? with degeoes of frsecioes (.= X+ j—E to0p 53 £ % (1.725) = 51.706; 54.293

lation mean

o=

S
1=1
At given level of significance o, and degrees of freedom (n — 1). We refer to t-tab d S T
(two tailed or one tailed). let, 99% confidence limits of the poptt
If calculated ¢ value is such that | ¢ | <, the null hypothesis is accepted. | ¢t | >t _H X —Js= tooy 93 = —J%-é— (2.602) = 51.048; 54.951.
is rejected. T n
Fiducial limits of population mean Example 2. The life time of electric bulbs for a random sample of 10 from @ large con-
p i signment gave the following data:
If ¢ is the table of ¢ at level of significance o at (n — 1) degrees of freedom.
X
Xt |, to csptanc o —-mmnm -
Can we accept the hypothesis that the average life time of bulb is 4000 hrs?
o significant difference in the sample mean and population mean.

Sol. H: There is n
i.e., b = 4000 hrs.

X —t,slyn <p< ¥ +t,8/n
. X-u

I the t-test: t =
Applying the t-tes m
3.9

95% confidence limits (level of significance 5%) are X 15055/ -

99% confidence limits (level of significance 1%) are X 50 sin.
Note. Instead of calculating s, we calculate S for the sample.

: f 1 < = 1% e
S gz — B 4 = — - I, o0 G e S n_ gt
ince "'IHZI(X‘ XP - S‘._"‘“Zl{xI X2 [{n 1)s* =nS%,s -n—lsl
ILLUSTRATIVE EXAMPLES
— IX 4 s | e
i Mple LA fﬂﬂdﬂm Sﬂmgle of size 16 has 53 as mean. The sum of squares of the x”; T 4.4 (X - XP =312
ssnvatton f;om mean is 135. Can this sample be regarded as taken from the population having = > T
as mean? Obtain 9:.5% and 99% confidence limits of the mean of the population. S X-X" _ |§_l_g 0589t = 0580 = 2.123

popula?;lr; ll;lga'l;hem is no significant difference between the sample mean and hypothetical n-1 9 ,h_o

H:u=56H,: ¢ Fory=9.1 _°5=2.26. _

o ¥ 66; Hy:u#56 (Two tailed test) Conelusio::n. Since the calculated value of ¢ is less than table t; o5 The hypothesis

£ et ~tn-1d.0 u = 4000 hrs is accepted.

' i.e., The average life time of bulbs could be 4000 hrs.

sn
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' 42 units and S.D. 5 units. Tm
Ex e 3. A sample of 20 items has meail 9< U ¢ . N
esis that ;: z;;l random sample from a normal population with mean 45 unils. Yooy,
Sol. H,: There is no significant difference between the sample mean and the pollulali%
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mean
u = 45 units
Hi:p#45 (Two tailed test)

n=20 X =42 S=5y=19df

Le,

Given:

O S”=[§620—1](5)2=26,31 . #=5.129

X-p =
sing t-test 1=~ = ——==-2615 | t | =2.615

PRI -0 sin  5129/J20

The tabulated value of t at 5% level for 19 d.f is ¢, ,; = 2.09.

Conclusion. Since | I | > &,,,, the hypothesis H, is rejected. i.e, there is significan
difference between the sample mean and population mean.

i.e., The sample could not have come from this population.
Example 4. The 9 items of a sample have the following values 45, 47, 50, 52, 48, 47, 49
53, 51. Does the mean of these values differ significantly from the assumed mean 47.5.

(M.D.U. Dec. 2017
Sol. Hy:p =475

i.e., there is no significant difference between the sample and population mean.
H,: p # 47.5 (two tailed test); Given: n =9, p =475

L X ‘ 15 47 50 52 | 48 47 49 53 51
L.\'- X ] -41 [ -21 0.9 L7 E (15 -21 -0.1 3.9 1.9
[ X-X¢ [1681 | 441 [o081 | 841 | 121 | 441 | o001 | 1521 |36l
- Ir 442 i -X)2
x'?="§_=49-ll:m—X)2=54-89;52=M:6-86 SN &8=2619
(n-1)
R (=X-p_491-475_ (1648 _ 1.7279
siWn 261948 2619

bhyos =231 fory=8.
Conclusion. Si i - - o
ilsries barien th:::fn L a:n I <405 the hypothesis is accepted i.e., there is no significant

Example 5. The following results are obtained from a sample of 10 boxes is biscuits.

L

MYPOTHESIS TESTING
._____..-———_

Y70
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Sol. Given: n=10,X =490; S = 9 gm, u = 500

n 10 .
JHS’ - |5 X" =94se
H,: The difference is not significant ie., p=500; H: p= 500
t= o I - =-0.333
sifn  9.486/Y10 '
toos =226 fory=9.
Conclusion. Since | t | = .333 > ¢, the hypothesis H is rejected i.e., u # 500
The sample could not have come from the population having mean 500 gm.

Applying ¢-test

EXERCISE 6.6

1. Find the student’s ¢ for the following variable values in a sample of eight:

—4,-2,-2,0,2, 2,3, 3 taking the mean of the universe to be zero.
(P.T.U. 2007; M.D.U. May 2007, Dec. 2010)

2. Ten individuals are choosen at random from a normal population of students and their marks
found to be 63, 63, 66, 67, 68, 69, 70, 70, 71, 71. In the light of these data discuss the suggestion
that mean mark of the population of students is 66.

3. The following values gives the lengths of 12 samples of egyptian cotton taken from a consign-
ment: 48, 46, 49, 46, 52, 45, 43, 47, 47, 46, 45, 50. Test if the mean length of the consignment can
be taken as 46.

4. A sample of 18 items has a mean 24 units and standard deviation 3 units. Test the hypothesis
that it is a random sample from a normal population with mean 27 units.

5. A random sample of 10 boys had the 1.Q’s 70, 120, 110, 101, 88, 83, 95, 98, 107 and 100. Do these
data support the assumption of a population mean [.Q of 1607

6. A filling machine is expected to fill 5 kg of powder into bags. A sample of 10 bags gave the
following weights. 4.7, 4.9, 5.0, 5.1, 5.4, 5.2, 4.6, 5.1, 4.6 and 4.7. Test whether the machine is
working properly. (M.D.U. Dec. 2010)

7. A machinist is making engine parts with axle-diameter of 0.7 unit. A random sample of 10 parts
shows mean diameter 0.742 unit with a standard deviation of 0.04 unit. On the basis of this
sample, what would you say that the work in inferior?

Answers
1. ¢=0.27 2. accepted 3. accepted
4. rejected 5. accepted 6. accepted
7. rejected.

6.17. TEST Ii: t-TEST FOR DIFFERENCE OF MEANS OF TWO SMALL SAMPLES
(From a Normal Population)

Mean weight content = 490 am

S.D. of”l? uei, k‘ =
500 gm? b

9 &m could the sample come from a population having a meanof |\

This test is used to test whether the two samples x, xg, ......, X, ¥y ¥gy oove + ¥n, of sizes

e assumption that the population variance are equal. (0, = 0, = 0).

» n, have been drawn from two normal populations with mean u, and p, respectively under
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H,: The samples have been drawn from the normal population with means y, ang "

ie, Hy py # 1y
Let X, Y be their means of the two sample.

320

X-Y)

Under this H,, the test of statistic t is given by ¢ = T 3 -tn, +ny,—24df)
¢ ny ng

’l312+ 2

are given then we have s? =
.ﬂ.li-n’_z.

Note 1. If the two sample standard deviations 8,, 83

X - can be used as a test statistic.

Note 3. If the pairs of v ;
tic as given in note 2. In this case we find the differences 0

single mean ie., &= % with degrees of freedom n — L

. d d - : :
The test statistic is ¢ = m or t= =rp—" where g is the mean of paired differene
ie, d =x;-Y,
E,- =X - Y, where (x,, y,) are the paired datai = 1, - I
ILLUSTRATIVE EXAMPLES =

Example 1. Two samples of sodium vapour bulbs were tested for length of life and th

following results were got:

Size | Sample mean Sample S.D.
Type I 8 1234 hrs 36 hrs
Type Il 7 1036 hrs 40 hrs

Is the difference in the means significant to generalise that type I is superior to typel

regarding length of life.
Sol. Hy: u, = Wy i.e., two types of bulbs have same lifetime.

H;: p, > p, ie, type Iis superior to Type 11

2 2 2 2
2= RSy + ngSy =8x(35) + 7(40) - 1659.076 < = 40.7311
ny+ng -2 8+7-2
The ¢-statistic ¢ = xll = "21 o 1234-1036  _ 181480 -~ t(n, + ny - 2 4.
sJ +1 407317 fl-ﬂ-
nl ﬂz 8 ?

55 at d.£ 13 is 1.77 (One tailed test)

2T

L YPOTHES!S TESTING
Conclusion. Since calculated | ¢ | > ¢, H_ is rejected i.e., H, is accepted
Type 1 is definitely superior to type I1. * ‘
X . ), 1
X = =L, F'm . #2e—— 3 ¥y Ty
where X En‘ Zn«z . "1+nz—2lux"xF+IYJ_Yﬂ

i=1

js an unbiased estimate of the population variance o?,
¢ follows ¢ distribution with n, + n, - 2 degrees of freedom.

Example 2. Samples of sizes 10 and 14 were taken from two normal populations with
s.D. 3.5 and 5.2. The sample means were found to be 20.3 and 18.6. Test whether the means of
pulations are the same at 5% level.

the two PO, ;
Sol. Hg: uy = Wy i.e., the means of the two populations are the same.
Hy: wy # 1y
Given X,=203,X,=186;n,=10,n,=14,5, =35,5,=5.2
2 2 2 2
N8, +ngsy-  10(3.5)° + 14(5.2)
82 - = = =
TR} 10+14-2 22,775 s=4.7172
X, -X, 20.3-186
t = 0.8604

B I3 (|2 2
s T + 4772
n ng 10 14

The value of ¢ at 5% level for 22 d.f. is ¢, = 2.0739.

Coneclusion. Since | ¢t | = 0.8604 < ¢, the hypothesis is accepted. i.e., there is no
significant difference between their means.

Example 3. The height of 6 randomly chosen sailors are in inches are 63, 65, 68, 69, 71
and 72. Those of 9 randomly chosen soldiers are 61, 62, 65, 66, 69, 70, 71, 72 and 73. Test
whether the sailors are on the average taller than soldiers.

Sol. Let X, and X, be the two samples denoting the heights of sailors and soldiers.

Given the sample size n, = 6, n, =9, Hy: py = 1y
i.e., the mean of both the population are the same.

Hpip >y (one tailed test)

Calculation of two sample mean:

= 63 ‘ 65 | 68 | e | | 7 |

X=X -5 ‘ N l 0 \ 1 \ 3 IL 4 i

w-xp | 5 | 9 | o \ T HER

i1=—zﬁ =68, X, - X,?=60
ny

X 61 62 65 | 66 | 69 \ 0 | M \1 72 \1' 73 ﬁl
X,~X, |-666 | -566| -266| 166 1.34] 2.34 \ 3.34 1 434 { 5.34 l
(X,- X,” | 44.36 | 32035 | 7.0756 | 27556 1.7956‘5.475&111@\1&3356 \lzs.sxss \

e men YA
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A 6 (X, - Xg)? = 152.0002
Xy =—= = 6766 £(X, - Xp)? = 162.
2
oL, - X+ 2K X
n,+ng —?2
= £2.0002] = 16.3077 = s=4038
o5 a0t 2.0002]
UndsrHy, = ¢= ko= 53'67-:*361 = 0.3031 ~ 1, + 1y —2d.£)
1, 1
= -  4.03824-+_
* nl+n3 6 9

the test is one tailed) for 13 d.f. is 1,77

The value of ¢ at 10% level of significance ("
he hypothesis H, 1s accepted.

Conclusion. Since | 1 | =0.3031 <f05 = 1.77 t
i.e., there is no significance difference between their average.
i.e., the sailors are not on the average taller than the soldiers.
Example 4. A certain stimulus administered to each of 12 patienls resulted in the
following increases of blood pressure: 3, 2, 8-1,30-215 0, 4, 6. Can it be concluded thay
the stimulus will in general be accompanied by an increase in blood pressure?
(V.T.U. 2007; M.D.U. Dec. 2011)
Sol. To test whether the mean increase in blood pressure of all patients to whom the
stimulus is administered will be positive. We have to assume that this population is normal
with mean p and S.D. o which are unknown.
Hn:pzﬂ:]-llip‘>0
The test statistic under H,
d

t= ~ t(n - 1 degrees of freedom)
s/\/n-1
Ef:5+2+8+{-1)+3+0+6+(-2)+1+5+0+4=2_583
12
2 —
s2=£:——d”=%[53+2!+82+(‘1)2+33+(}'3+62
+ (=22 + 12+ 52+ 0% + 4] — (2.583)°
=8.744 s=29571
d 2583 _ 2583411 _p o7y —1d.f)

= = =
sifn-1 2957V 12-1 2.9571
Conclusion. The tabulated value of f,, at 11 d.f is 2.2.

| t1|>1t,, H,is rejected.
Le., Ithe stimulus does not increase the blood pressure. The stimulus in general will be accom-

panied by increase in blood pressure.
. Example 5. ﬂ:!emm:y capacily of 9 studenls was tested before and after a course of medi-
mu;;:; for a month. State whether the course was effective or not from the data below (in same

units

} Before 10 15 9 3 7 12 16 17 4

[.mer 12 | 17| & 5 6 11 18 | 20 3

HYPOTHESIS TESTING

Sol. Since the data are correlated .
< od £-test. and concerned with the same set of students we use
H,;: Training was not effective i, = u,
H,;: b, # 1, (Two tailed test).

R

 Before training ()| After training (¥ j duX-¥ | a2
10 12 =0 4
15 17 -2 4
8 1 1
5 -2 4 [
6 1 \ 1 \
12 11 1 ' i
16 18 -2 o |
17 20 -3 9 \
4 3 1 A
\ d=-1 \ d* =129
[

- Id -1 E =
d=-"_=-07118;8* = zd__(d), =29 _ (- 077787 = 2.617
n 9 n 9

d -07778 _ -07778x\8 _

t=dn-1 J2e1izij8 16177
The tabulated value of ¢, at 8 d.f. is 2.31.
Conclusion. Since | t | = 1.359 <4, Hy is accepted i.e., training was not effective in
improving performance.
Example 6. The following figures refer to observations in live independent samples.
Sample I 25 30

28‘34‘24\20113\32\22\38*
Sample Il | 40 | 34 22\20\31\40\30\231136\1d
Analyse whether the samples have been drawn from the populations of equal means.
Sol. H;: The two samples have been drawn from the population of equal means. ie.,
there is no significant difference between their means
ie., By =M
Hpp 21y (Two tailed test)
Given n, = Sample I size = 10; ny = Sample II size = 10
To calculate the two sample mean and sum of squares of deviation from mean. LetX, be
the sample I and X, be the sample IL.

-1.359

<D SIA
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: 25 | 30 28 34 24 20 13 32 22 38
X-X, | -18| 34 1.4 7.4 -26| -66 | -138| 54 46 | 114
(X,-X,?| 256 | 1156 | 196 | 5476 | 676 43,56 | 184.96 | 29.16 | 21.16 | 12995
X, 40 | 34 22 20 31 40 30 23 % [ 1~
X,-X, | 07| 47 | -78 | -88 | 17 |17 | OF [-063 | 67 BT
(X,- X3 | 114.49] 2209 | 6329 | 8649 | 289 | 114.49 | 049 | 39.67 | 44.89 | 1519
= = ks 294
T KI Xo= S SN
1‘.,?1"‘25'6 : ;ng 10 =293
i =
£(X, -X,)? = 4864 =X, -X;)? = 630.08
1 712 F )2
o2 = ————[2(X, -X? + ZX; -X0)°]
ny+ng -2
1
= ———— [486.4 + 630.08] = 62.026 s=1.875
10+10-2 | '

Under H, the test statistic is given by

o X,-X, _ 266-293
) e 7.375)‘{_l g
ny ng 10 10
| t | =0.7666.

=-0.7666 ~ t{n, + n, -2 d.f)

Conclusion. The tabulated value of ¢ at 5% level of significance for 18 d.f. is 2.1. Sina
the calculated value | ¢ | = 0.7666 < ¢, ., H, is accepted.

i.e., there is no significant difference between their means.
Le., the two samples have been drawn from the populations of equal means.

EXERCISE 6.7

1. The mean life of 10 electric motors was found to be 1450 hrs with S.D. of 423 hrs. A secot!
sample of 17 motors chosen from a different batch showed a mean life of 1280 hrs with a S.D.9
398 hrs. Is there a significant difference between means of the two samples.

2. The marks obtained by a group of 9 regular course students and another group of 11 part tinf
course students in a test are given below

] Regular lss

62

63

54'60

51

67

69

58

I Pari-time l 62

70

71

62,60

56

75

64

72

68 | 66

Examine whether the marks obtained by regular studen on . si‘njﬁ
b % i U el oo, T DA R Ry differ

1.

9.

10.

LYPOTHESIS TESTING -
.-_._—-'-.__
3. A group of 10 rats fed on diet A and another group of 8 rats fed on u different diet B recorded the

following increase in weight (gm).

DictA | 5 6 8 1| 12 4 [ 3 [ o 6 | 10
DietB | 2 3 6 8 10 1 \ 2 ll | E '] 3
Does it show the superiority of diet A over the diet B? (M DU. May 2011)
Two independent samples of sizes 7 and 9 have the following values: !
Sample A 10 | 12 EIERE 1 10 l [ J
sampleB | 10 | 13 | 15 [ 12 [ w0 [ || [n |

Test whether the difference between the mean is significant. (P.T.U. B.Pharma, May 2005)

To compare the prices of a certain product in two cities, 10 shops when related at random in each
town. The price was noted below:

City 1 61 63 56 63 ‘ 56 63 l SSJ 56 l 44 \ 61 \I

city2 | 55 | 54 | 47 | 0 | 51 | e | 57 | 54 | 64 | s8

Test whether the average prices can be said to be the same in two cities, 3
The average number of articles produced by two machines per day are 200 and 250 with stand-
ard deviation 20 and 25 respectively on the basis of records of 25 days production. Can you
regard both the machines equally efficient at 5% level of significance?

Two salesman represent a firm in a certain company. One of them claims that he makes large
sales than the other. A sample survey was made and the following results were obtained

No. of sales 1* Salesman (18) 27 Salesman (20) l
1

Average sales 7210 2175 l
SD. 225 220 K

Find if the average sales differ significantly.

Two types of drugs A and B were used on 5 and 7 patients respectively for reducing their weights.
The decrease in the weight after using drugs for six months are as follows:

Drug A 10 12 13 1 l 14 l |

1

Drug B 8 9 12 4 | 15 10 | 9 !

Is there a significant difference in the efficiency of the two drugs? If not, which drug you should
buy? (B.T.U. Dec. 2005)

Nine patients, to whom & certain drug was administered, registered the following rise in blood
pressure:
3,7,4-1,-3,6,-4,1,6
Test the hypothesis that the drug does not raise the bleod pressure.
The change in sleeping hours of 7 patients after taking a medicine are as follows:
0.7,0.1,-0.3,1.2, 1.0, 0.3, - 0.4 hrs.
Do these data give evidence that the medicine produces additional hours of sleep”

e e v Y B P I LJV
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Answers
1. accepted 2. rejected 3. accepted :: s s
: : e
5. accepted 6. rejected 7. rejected Pted
9. rejected 10. rejected.

(P.T.U. 2005, 20,

6.18. CHI-SQUARE (%) TEST
theoretical considerations lead us to ¢

When a coin is tossed 200 times, the . '
100 hends and 100 tails. But in practice, these results are _rar:IY ?;l;:r‘;ﬁn?yulrwmmy X
Greek letter, pronounced as chi-square) describes the magnitude 0 sl e een the,,
and uhserva‘tion. If x = O, the observed and ex ﬁetl‘;e“mesuencie]; o g cﬂlnmde“ T
greater the discrepancy between the observed and expec f';e‘lm bet-‘wensft;awr is
value of 2. Thus x* affords a measure of the corresponde eory g
observation. rved (experimental) frequencies and E, i=1,2

fO.(i=1,2, ccceen ) is a set of obse q . (
is the corresponding set of expected (theoretical or hypothetical) frequencies, then, y2;

defined as
s (0, -E)*
-2
uency) and degrees of freedom (df)=(n-1).

0. =XE = N (total freq
o encies agree exactly.

Note. (i) If 2 = 0, the observed and theoretical frequ
(i) If ¥2 0 they do not agree exactly.

6.19. DEGREE OF FREEDOM _
with the table value, we have to determj

While comparing the calculated value of %2

the degrees of freedom.
If we have to choose any four numbers whose sum is 50, we can exercise our indepeni

ent choice for any three numbers only, the fourth being 50 minus the total of the three nur
bers selected. Thus, though we were to choose any four numbers, our choice was reduced
three because of one condition imposed. There was only one restraint on our freedom and o
degrees of freedom were 4 - 1= 3. If two restrictions are imposed, our freedom to choose willh
further curtailed and degrees of freedom will be 4 — 2 = 2.

In general, the number of degrees of freedom is the total n
the number of independent constraints imposed on the observations.
are usually denoted by v (the letter ‘nu’ of the Greek alphabet).

Thus, v = n — k, where k is the number of independent constraints in a set of dat ol
observations.
Note 1. For a p x g contingency table (p columns and g rows).
v=(p-1g-1)
2. In the case of a contingency table, the expected frequency of any class
E Total of row in which it occurs x Total of col. in which it occurs

umber of observations ls
Degrees of freedom (d

Total number of observations

{YPOTHESIS TESTING
e

(iii) as a test of homogeneity of independent
(iv) as a test if the hypothetical value of the population variance o?

(v) as a list to the homogeneity of independ, :
cient. pendent estimates of the population correlation coeffi-

6.20. CONDITIONS FOR APPLYING ;2 TEST

Following are the conditions which should be satisfied before %* test can be applied
= l(a) Nr;elgl: wsﬁzg?ém;emies should be large. It is difficult to say what oon;ni
tutes largeness, | i
B e A, ary hgure, we may say that N should be at least 50, how-
(b) No theoretical cell-frequency should be small in, it i
. - Here again, it is diffi
constitutes smallness, but 5 should be regarded as the very minimum and ?a“i:nI::tyt:rh‘%
small theoretical frequencies occur (i.e., < 10), the difficulty is overcome by grouping two or
more I:ggae: .;oget.her bn;fore calculating (O - E). It is important to remember that the
umber of degrees of freed i i
n sl gr om is determined with the number of classes after
(¢) The constraints on the cell frequencies, if any, should be linear
Note. If any one of the theoretical frequency is less than 5, then w : rrected gi
F ‘:’at,g-g. which is usually k'nown as ‘Yates correction for mnt,inuit;r‘, we a:dag?yt: me cell ﬁ:::: 2
which is less than 5 and adjust the remaining cell frequency suitably so that the marginal total is ﬂ

changed.
6.21. THE %2 DISTRIBUTION

) For large sample sizes, the sampling distribution of % can be closely approximated by a
;o_o::lnir::;:: ncubl;e known as the chi-square distribution, The probability function of ¥2 distribu-
f? = cl2¥2-1 e
where e = 2.71.828, v = number of degrees of freedom; ¢ = a constant depending only on v.
. Symbolically, the degrees of freedom are denoted by the symbol v or by d.f. and are
obtained by the rule v = n — k, where k refers to the number of independent constraints.

In general, when we fit a binomial distribution the number of degrees of freedom is one
less than the number of classes; when we fit a Poisson distribution the degrees of freedom are
folm than the number of classes, because we use the total frequency and the arithmetic mean
b get th:f mm:;f ;l:;:s Po'gson tﬁistribution. When we fit a normal curve the number of

egrees s than the n i i 1
total frequency, mean and standard dewautl:;ger e e L s

If the data is given in a series of “a” number then degrees of freedom = n - 1.

In the case of Binomial distribution d.f. =n — 1

In the case of Poisson distribution d.f. = n - 2

In the case of Normal distribution d.f. = n - 3,

-~ %
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6.22. y? TEST AS A TEST OF GOOD

NESS OF FIT
e theoretical distributions such as Binop,
distributions, L.e., distributions obtained from sample d; .
If the calculated value of i’ is less than the table value at a specified level (general)y 5

of significance, the fit is considered to be good t.é., the divergence between actua) %)
expected frequencies is attributed to fluctuations of simple sampling. If the calculated va)y,

¢ is greater than the table value, the fit is considered to be poor. of

ILLUSTRATIVE EXAMPLES

%2 test enables us to ascertain how well th

Poisson or Normal etc. fit empirical

_—%

Example 1. The following table gives the number of accidents that took place ip
industry during various days of the week. Test if accidents are uniformly distributed opep :;:

week.
. | Mes | W | Wed | T | PP ]| Sa
No. of accidents [ 4 | 18 [ 12 11 15 14
Sol. Hy: Null hypothesis. The accidents are uniformly distributed over the week.

Under this H,, the expected frequencies of the accidents on each of these days = _8_:_ =14

[ 14 18 12 11 15 14
14 14 14 14

4 9 1 0

Observed frequency O,
Expected frequency E, 14 14
(0, - E)? 0 16
50, -E;)* 30
= —f ——=— =21428

E, 14
Conclusion. Table value of 32 at 5% level for (6 — 1 =5 d.f) is 11.09.

2

calculated value of x? is less than the tabulated value H,, is accepted i.e., the

Since t
accident, uniformly distributed over the week.
ple 2. A die is thrown 270 times and the results of these throws are given belou:

r No. appeared on the die ' I

2 3 4 5 6

f

Prequency | 4 32 29 59 57 | 59

Test whether the die is biased or not.
Sol. Null hypothesis Hy: Die is unbiased.
Under this H, the expected frequencies for each digit is % =46

To find the value of x?

E I 46 ] 46 % - = =

©-EF | 38 | 19 289 169 121 169

MPOTHES!S TESTING 229
X0, -E,)* 980
P —i—i oY o
E‘ T 21.30.
Conclusion. Tabulated value of y* at 5% level of significance for (6 — 1 = 5) d.f. is 11.09.
Gince the calculated value of * = 21.30 > 11.07 the tabulated value, H, is rejected.

L.

Test
Sol. Null hypothesis Hy: The di
i.e., there is no significant difference between

Since the calculated value of x* is grea
ie., there is significant difference between

i.e., the digits in the directory do not occur equally frequently.
Ex: e 4. Records taken of the number of male and female births in 800 families

Example 3. The following table shows the distribution of digits in numbe
random from @ telephone directory.

7 ™7 U

Die is not unbiased or Die is biased.

€.,
rs chesen at

0‘112[314!5'5 7189
1026 | 1107 ] 997 | 966 1 1075 | 933 l&_nm %?js_?jll_.%;j‘!

whether the digits may be taken to occur equally frequently in the directory.
gits taken in the directory occur equally frequency.
the observed and expected frequency.

Under H,, the expected frequency is given by = lgl%qg = 1000

To find the value of ; i

1026 | 1107 ] 997 \ 996 l 1075 | 1107 |
1000 | 1000 | 1000 | 1000 | 1000 | 1000 |
676 ln«g\ 9 | 1156 \ 5525] 11449 L 4489

, IO,-E)* 58542
x= 1000

Conclusion. The tabulated value of 42 at 5% level of significance for 9 d.f. is 16.919.

ter than the tabulated value, H, is rejected.

the observed and theoretical frequency.

= 58.542.

havi ur children are as follows:
[_No. of male births l 0 ‘ 1 l 2 \ 3 \ 4 _11
No. of female births « | 3 [ z | ! | o |
A

32 \ 178 l 290 ‘ 236

No. of families

and the chance of male birth is equal t

female births. i.e., p =g = V2.

istent with the hypothesis that the binomial law holds

Test whether the data are cons
o that of female birth, namely p = q = 1/2.

Sol. H;: The data are consistent wit

(P.T.U. 2006; UP.T.U. 2009)
the hypothesis of equal probability for male and

=
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We use Binomial distribution to calculate theoretical frequency given by:

Niri=NxPX=r) = . .
where N is the total frequency. N(r)is the number of families with r male children:

PX=r)="Cp¢"" ‘ .

where p and g are probability of male and female birth, n i8 the number of children,
1) 1

N(0) = No. of families with 0 male children = 800 x ‘Cy [E] =800 x 1 x 35 =5

1)1y 800 x 4C. 12[1]:300
N(1) = 800 x *C, (E] (E] - 200, N2) =800 x *C, [ 5| |3
0 4
iy i )
Ntaa=soox*c:,(§1] (E] - 200; N4 =800 x *C, (5 | | 3] =50
Observed frequency O, 32 178 290 236 94
Exp-frequency E, 50 200 300 200 50
©,-EF 324 484 100 1296 1936
2
Q‘ZE.—E’J— ‘ 6.48 2.42 0.333 6.48 38.72
@l
x:! = _I_:_(O,_E_,_}__ = 54.433.

Conclusion. Table value of x? at 5% level of significance for 5 - 1=44d.f is 9.49,
Since the calculated value of x? is greater than the tabulated value, H, is rejected.
ie, the data are not consistent with the hypothesis that the Binomial law holds and
that the chance of a male birth is not equal to that of a female birth.
Note. Since the fitting is binomial, the degrees of freedkomv=n-1lie,v=5-1=4.
Example 8. Verify whether Poisson distribution can be assumed from the data given

A TEXTBOOK OF ENGINEERING MATHEMAT,.. yyPOTHE
ATy

below:
[ Noofdeects | o | 1 2 3 4 5
[ Frequency [ 6 ‘ 13 13 8 4 3
Sol. H,: Poisson fit is a good fit to the data. (P.T.U. 2007)
Mean of the given distribution = iz = o =2
¥, 97

To fit a Poisson distribution we require m. Parameter m = ¥ = 2,
By Poisson distribution the frequency of r success is

N(r)=N:e"".£'T,Nisthetota]ﬁwquency.

r

sTES'ﬂNG
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N(0)=4T x 2 E 1
Txe™. oy =636=6,N1=47xe?. 2 _1272-13
o 1!
3
N(2) =47 xe?, 21 " 1272=13; N(3)=4T x e 2 . (—?—' =848=9
N(4) = 47 x e 2 gi |2l5
=4Txe? . T =AU 4 NG = 4T xe? . T = 1696 =2,
1 2 i 3 [ 4 | s
13 3 | 8 l 2 \ 3
12.72 12.72 l 8.48 \ 4.24 l 1.696 %
0.00616 0.00616 0.02716 \ 0.0135 \ 1.0026
(0, -E,?
x= —{—E—-i)— - 1.2864.

Conclusion. The calculated value of x* is 1.2864. Tabulated value of ¥? at 5% level of
significance for y = 6 — 2 = 4 d.f is 9.49. Since the calculated value of %2 is less than that of
tabulated value. Hy is accepted i.e., Poisson distribution provides a good fit to the data.

Example 8. The theory predicts the proportion of beans in the four groups, G, Gy G
G, should be in the ratio 9: 3: 3: 1. In an experiment with 1600 beans the numbers in the four
groups were 882, 313, 287 and 118. Does the experimental result support the theory?

Sol. H;. The experimental result support the theory. i.e., there is no significant differ-
ence between the observed and theoretical frequency under H, the theoretical frequency can
be calculated as follows:

1600 %9 1600x 3
= —= - = = 3040:
E@G,) 6 = 900 EGy) =~ o= =300,
1600 % 3 1600 x 1
EGy=—1g = 800, E(G) =~ = 100
To calculate the value of x2.
Observed frequency O, 882 313 \ 287 \
Exp. frequency E, 900 300 | e 11
2
Q"—;g-g‘—)— 0.36 \ 0.5633 \ 0.5633 \
i
(0, -E;)?
xi = -——-—'E : = 4.7266.

14

at 5% level of significance for 3 d.f is 7.815. Since the

Conclusi ble value of x*
clusion. Table value of ¥ N ated value, Hemes H, in accepted.

calculated value of 32 is less than that of the ta
i.e, the experimental result support the theory.
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a2 POTHES'S TESTING .
—
EXERCISE 6.8 —_ 200 digits are chosen at random from & et 333
- . 8. T iR of tables. The frequencies of the digits :
The following table gives the frequency of occupance of the digits 0, 1, ... 9in the 1ash ploce Digit 0 1 ¥l g a1 ik i 31—3 i
four logarithm of numbers 10-99. Examine if there 15 any peculiarity. i A ENENE E
— Frequency |18 | 19 | 23 | 3 o T Tt ——
, Digits 0 1 2 3 4 5 6 2 = 5 | P R L= 1% ) a AN
] -_— Use chi-square assess the correctness of th T G
| = = l - = % o 8 3 2 9 ___E______ el  anabiia §5 the £ablee fhiws sehae th e; ar:c};;?g::lhems that the digits were distributed in ‘
: X " % the accounting department of bank, 100 :
2. The sales in a supermarket during a week are given below. Test the hypothesis that the sales g, g In g . accounts are selected at rand,
not depend on the day of the week, using a significant level of 0.05. errors. The following results were obtained: andom and estimated for
[ Days Mon | Tues | Wed | Thus Fri | Sat i o i 1 {2 Ty T % T8 &
==}l +— -
[ Sales (in 1000 %) 65 54 60 56 71 84 o, i s © | 1 L2 [ o [ 2] 2}
. - FOte e is 1 i i i 3 . 5
3. A survey of 320 families with 5 children each revealed the following information: P""f this information verify that the errors are distributed according to the Poisson probability
aw’
— e A sample analysis of examination results of 500 i
=R 5 P 3 2 1 0 10. samp £ o students, it was found that 280 students have
S failed, 170 have secured a third class, 90 !‘lave secured a second class and the rest, a first class.
No. of giris 0 1 2 3 4 5 Do these figures support the general belief that above categories are in the ratio 4 : 3 :2: 1
respectively? :
0 4 56 110 88 40 12
No. of families 1 ! Answers i
Is this result c_ﬂmistent with the hypothesis that male and female birth are equally probable? 1. no 2. accepted 3. accepted 4. unbiased

4. 4 coins were tossed at a time and this operation is repeated 160 times. It is found that 4 heads
occur 6 times, 3 heads occur 43 times, 2 heads occur 69 times, one head occur 34 times. Discusy

whether the coin may be regarded as unbiased?
5. Fit a Poisson distribution to the following data and test the goodness of fit.

0 1 2 3 -

‘ x
l F 109
6. Fit a Poisson distribution to the following data and test the goodness of fit.

[« 0 1 2 3 4

f 46 38 22 9 1

66 22 3 1

(M.D.U. Dec. 2010
7. (a) Fit a binomial distribution to the following data and test the goodness of fit.

E 0 1 2 3 4 5 6
[ g 13 25 52 58 32 16 +
(b) A set of five similar coins is tossed 320 times and the result is
| Noofheads | o 1 2 3 4 5
f Frequency { 6 27 72 112 71 32___-”

—
(M.D.U. Dec. 2010

Test the hypothesis that the data follow a Binomial distribution.

5. Poisson law fits the data 6. Poisson law fits the data
7. (a) Binomial law does not fit the data (b) Rejected 8. accepted

10. yes.
6.23. x>TEST AS A TEST OF INDEPENDENCE

9. may be

With the help of %2 test, we can find whether or not two attributes are associated. We
take the null hypothesis that there is no association between the attributes under study, i.e.,
we assume that the two attributes are independent. If the calculated value of 3* is
less than the table value at a specified level (generally 5%) of significance, the hypothesis
holds good, i.e., the attributes are independent and do not bear any association. On the
other hand, if the calculated value of 32 is greater than the table value at a specified level of
significance, we say that the results of the experiment do not support the hypothesis. In other
words, the attributes are associated. Thus a very useful application of x* test is to investigate
the relationship between trials or attributes which can be clas- Hied into two or more categories.

The sample data set out into two-way table, called contingency iable.

Let us consider two attributes A and B divided into r classes A, A, A, wA and B
divided into s classes B,, By, By, ... B, If (A), (B)) represents the number of persons possess-
ing the attributes A, BJ. respectively, (i = 1, 2, .oy rnji=12,...,8 and (A BJI represent the

number of persons possessing attributes A, and B,. Also we have 'Z A= Z B, =N whereN

=1 i=1

is the total frequency. The contingency table for rxs is given below:
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A EXn

otal

’-\ A, A, Ay s

B I

...... ) B
B, (A;B,) (AB) | (ABY ((:;1] _?‘_‘H“
B, (ABy) (A,B,) (AgBy) | e t Ba) E,___H
B, (A,By) (A,By) (ABg) | e A,By ___3__1-‘
............ ]
B, (AB,) (A;B,) (AB) | - (;:,B.] {B-l___H

Total (A) (A) T A) N

H,: Both the attributes are independent. i.e., A and B are independent under the nyJ]
hypothesis, we calculate the expected frequency as follows:

=—ﬂ,l‘il,2,

: (

P(A,) = Probability that a person possesses the attribute A, N i=h2 S
; (B;)

P(B) = Probability that a person possesses the attribute B; = N

g (AB)
PAB) = Probability that a person possesses both attributes A, and B; = —ﬁi..

If(A,.BJ)D is the expected number of persons possessing both the attributes A, and a}
(AB), = NP(AB) = NP(AXB)

N (_‘;_ia_)%l_} = E‘%&l (- A and B are independent)
r & [(AB)-(AB ,-)uJ’]
Hence =
| s

which is distributed as a ? variate with (r — 1)(s — 1) degrees of freedom.
b
Note 1. For a 2 x 2 contingency table where the frequencies are % l a x? can be calculated from

: (@ +b+c+d)ad - be)®
-y
indopandent frequencies as X = " b+ b + dia +o)

Note 2, If the contingency table is not 2 x 2, then the formula for calculating x? as given in note 1,
(A;)B;)
can't be used. Hence we have another formula for calculating the expected frequency (AB), = ‘N J

Product of column total and row total

i.e., expected frequency in each cell is =
whole total

NG
T“Es's TESTH
P — a3s
alb . )
Note 3. If :‘ 2 is the 2 x 2 contingency table with two attributes, Q = ad - be el
= =% = (]

mgﬂic'iwt of association. ad + he

If the attributes are independent then % = ff )

4, Yates's Correction. In a 2 x 2 table i . .
:n"ectiI:::: make %2 continuous. 3 ble, if the frequencies of a cell is small, we make Yate's

l -
Decrease by 5 those cell frequencies which are greater than expected frequencies, and increase
1

by 3
is known a8 Yate's correction to continuity.

those which are Jass I tion. This will not affect the marginal columns. This correction

N{bcmf‘2
—ad- 1N
2}

2 =
r= {ﬂ*fxb'}d)(c+d)(a+b|whe““d“bcco

N(am!i:‘2
b
cz]

©®=
(a +chb + dic + d¥a + b)

After Yate's correction

when ad - be > 0.

ILLUSTRATIVE EXAMPLES
Example 1. What are the expected frequencies of 2 x 2 contingency tables given below:

(@ b (ii) [ 2 10
I a i |i

¢ d 6 } 6 |
Sol.
Observed frequencies Expected frequencies
@ ¢ b i ‘ (a+cha+b) \ b +dia +b) ]l
a d Y, 4 a+b+c+d k u+b+c+dJ]
(a +che +d) (b+die+d |
a+e b+d a+b+c+d=N a ¢ btawd k a+b+c+d
Observed frequencies Expected frequencies
@) 2 10 12 ix12_, | exa2 3
24 \ 24
6 6 12 —_—
8x12 16 % 12
:4 _--B
8 16 24 J 24 24 '
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Conclusion. Tabulated value of ¥2 at 5%
Since the calculated value of %2 > tabulate
i.e., the two attributes are not independent. L.e.,

preventive measure of small pox.

level of significance for 1 d.f. is 3.841.

d value H, is rejected.
the vaccination can be regarded 5,

|

EXERCISE 6.9 =
1. In a locality 100 persons were randomly selected and asked about their educational achiey,,
ments. The results are given below:
Education |
Middle High school College
Sex Male 10 15 25
Female 25 10 15
Based on this information can you say the education depends on sex.
2. The following data is collected on two characters:
Smokers Non-smokers
Literate 83 57
llliterate 45 68
Based on this information can you say that there is no relation between habit of smoking and
literacy.

8 500 students at scl‘lool were graded according to their intelligences and economic conditions of
their homes. Examine whether there is any association between economic condition and intelli-

gence, from the following data:

Economic conditions Intelligence
Good Bad
Rich 85 75
Poor 165 176

4. In an experiment on the immunisation of
: : i goats from anthrex §
obtained. Derive your inferences on the efficiency of the vaccine. , the following results wert

’ Died Survived
[ Inoculated with vaccine 2 T
L Not inoculated 6
6
L. Yes .- Answers
- % No 4. Not effective.
__-____,_.-""

atiu.





